Abstract: This paper presents multiple snapshot spatial smoothing with improved aperture (MS-SSIA) for high-resolution direction of arrival (DOA) estimation by uniform linear array (ULA). Spatial smoothing preprocessing (SSP) is often used for DOA estimation of correlated sources, but it reduces the effective array aperture and leads to low DOA estimation accuracy. SSIA and SSOA improve the problem of SSP but they have some other problems. This paper tries to improve SSIA so that it can correspond to the case of multiple snapshots, but we take a different approach with SSOA. The performance of the proposed method is evaluated through computer simulation. Keywords: direction of arrival estimation, array signal processing, spatial smoothing Classification: Antennas and Propagation , vol. 33, no. 4, pp. 806-811, Aug. 1985. DOI:10.1109/TASSP.1985 A. Thakre, M. Haardt, and K. Giridhar, "Single snapshot spatial smoothing with improved effective array aperture,"
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Introduction
Direction-of-arrival (DOA) estimation plays an important role in radar, sonar, and indoor and outdoor wireless communications. High resolution DOA estimation methods using sensor arrays have been studied in the last three decades and have attracted much attention. The most well-known methods, MUSIC, Root-MUSIC, ESPRIT, and Unitary-ESPRIT [1] , are based on eigenvalue decomposition of a sample covariance matrix of an array input signal. Those algorithms generally require spatial smoothing preprocessing (SSP) [2] or forward-backward SSP (FB-SSP) techniques in estimating DOAs of coherent sources to suppress the correlation between signals. Such techniques are effective to reduce signal correlation but often lead to low DOA estimation accuracy due to the small array aperture caused by spatial averaging. Spatial smoothing with improved aperture (SSIA) [3] can suppress signal correlation while not reducing the array aperture; however, it can only be applied to the case of a single snapshot because the array steering matrix in SSIA becomes time-dependent and therefore cannot support the case of multiple snapshots. On the other hand, spatial smoothing with overlapped and augmented array (SSOA) has also been proposed [4] . It can correspond to the case of multiple snapshots and can solve the SSP and SSIA problem, but its DOA estimation accuracy does not become superior to that of the SSP method.
In this paper, we try to improve the SSIA algorithm so that it can correspond to the case of multiple snapshots but we take a different approach with SSOA. Starting from the initial DOAs estimated by the MODE method, we create the virtual signal vector that corresponds to the complex conjugates of source signals. Then, the DOAs are recursively updated by augmented array processing. Hereafter, the proposed method is called multiple snapshot SSIA (MS-SSIA) to distinguish it from the original single snapshot SSIA (SS-SSIA). The performance of the proposed method is evaluated through computer simulation and compared with the performances of some conventional methods.
Signal model
Assume that L far-field incident signals are received by an M-element ULA in an additive white Gaussian noise (AWGN) environment, where the signals and noises are statistically independent. The array input vector xðtÞ received by the M-element ULA can be written as
where A, sðtÞ, and nðtÞ denote the array steering matrix, incident signal vector, and noise vector, respectively. The array steering matrix A in (1) is given by
. . ; ð2Þ
where
The phase term ' in (3) is given by ' ¼ À2d sin ' =, where ' , λ, and d denote the spatial angle to be estimated, wavelength, and inter-element spacing, respectively.
Conventional methods
Let N and Kð¼ M À N þ 1Þ denote the number of subarrays and the number of array elements in a subarray, respectively. SSP [2] is first applied to the array input vector xðtÞ to obtain the measurement matrix X SS ðtÞ of which the rank becomes greater than or equal to L. Note that L is assumed to be known in advance. Then, the measurement matrix X SS ðtÞ in SSP can be written as
where A S ¼ ½I K ; 0 KÂðMÀKÞ ; A;
ÃðtÞ ¼ diagfsðtÞg: Note that A S and N SS ðtÞ in (3) denote the modified array steering matrix and the noise matrix, respectively. Each column of N SS ðtÞ is white but the columns of N SS ðtÞ are mutually correlated. Besides, both A S and B T S become steering matrices of centro-symmetric arrays.
Exploiting the structures of A S and B S , equation (3) is modified into the following augmented matrix representation:
where Ã 1 and Ã 2 are unitary diagonal matrices of size L Â L, and Å p is a p Â p exchange matrix with ones on its anti-diagonal and zeros elsewhere [3] . The matrix A SS-SSIA ðtÞ in (4) becomes a centro-symmetric array of size 2K and satisfies the shift invariance property. Therefore, we can apply the Unitary ESPRIT method to (4) and obtain the estimated DOAs f ' g L '¼1 for the case of a single snapshot. However, SS-SSIA does not work well for the case of multiple snapshots because the matrix A SS-SSIA ðtÞ depends on time and varies for each snapshot.
SSOA [4] is an improved technique using the augmented array steering matrix in a similar manner to SS-SSIA and can work well for the case of multiple snapshots. However, with our confirmation through numerical simulation, the value of K in [4] for the existing methods is not optimized. The performance of SSOA becomes the same as that of SSP if we choose the optimum value of K for the existing methods.
Proposed method: MS-SSIA
As discussed in the previous section, the matrix A SS-SSIA ðtÞ in SS-SSIA varies in accordance with the snapshot because of two time-dependent matrices ÃðtÞ and Ã Ã ðtÞ. This section presents how the SS-SSIA is modified to obtain the proposed method MS-SSIA. We construct an augmented matrix, which has only one timedependent matrix ÃðtÞ, and this leads to a method that can work well for the case of multiple snapshots.
Virtual signal vector
The proposed MS-SSIA is an iterative algorithm that is based on updating the array steering matrix A and DOAs ' . Let f ';i g L '¼1 denote the estimated DOAs for the i-th iteration. We first apply the MODE method to (3) and obtain the initial DOA estimates ';0 .
For the case of the i-th iteration ði ¼ 0; 1; 2; . . .Þ, the Unitary ESPRIT method can estimate the DOAs ';i as well as the corresponding steering matrixÂ i and source signal vectorŝ i ðtÞ. Then, the virtual input vectorxðtÞ, which corresponds to the complex-conjugate source signal matrix Ã Ã ðtÞ ¼ diagfs Ã ðtÞg, can be written as 
DOA estimation using augmented matrix
In a similar manner to SS-SSIA, we construct the following augmented matrix:
Now, we see that the matrix A MS-SSIA in (7) becomes a time-independent steering matrix of a centro-symmetric array of size 2K and therefore works for the case of multiple snapshots. We again apply the Unitary ESPRIT method to (7) and obtain the updated DOA estimates ';iþ1 . We apply the multiple augmentations (the iterative application of the augmented matrix) and repeat the procedures (5)- (7) until the estimated DOAs ';iþ1 converge.
Simulation
The DOA estimation accuracy of the proposed MS-SSIA method is evaluated through computer simulation and compared with the accuracies of (i) Unitary ESPRIT with SSP, (ii) Unitary ESPRIT with SSIA [3] , (iii) Unitary ESPRIT with SSOA [4] and (iv) MODE [5] . Note that the MODE is also adopted as one of the representative DOA estimation methods for coherent sources. The estimation accuracy was evaluated using the Root Mean Square Error (RMSE) of the estimated DOAs, which is calculated as the average of 500 Monte-Carlo simulation results. The stochastic Cramer-Rao lower bound (CRLB) is also plotted in all the figures [6]. We consider a ULA with M ¼ 28 array elements with an array interval d ¼ =2 and L ¼ 9 coherent source signals. The nine DOAs are given by ¼ ½À30; À24; À18; À12; À6; 0; 6; 12; 18 (deg), which is the same as Thakle et al.'s scenario [3] . The number of snapshots is normally set to 3, but it is set to 1 for the case of SS-SSIA because it only works for a single snapshot. Fig. 1 shows the behavior of RMSE as a function of K for the case of 10 dB SNR, where the optimum values R ¼ 2 and Á ¼ 5 of the parameters in SSOA [4] are used. We can see from Fig. 1 that the optimum value of K is 11 for SSIA and MS-SSIA but 14 for SSOA and 19 for spatial smoothing preprocessing. Note that the value of K used by Sekine et al. [4] is not appropriate; therefore, we hereafter use those optimum values of K. Fig. 2 shows the behavior of RMSE as a function of SNR. We see from Fig. 2 that the proposed MS-SSIA method achieves better performance than the other methods for the case of low SNRs and as good performance as the MODE method for the case of high SNRs. The reason for this result is that applying the augmented matrix in [3] can improve the DOA estimation accuracy but the application of only once merely results a limited improvement. We see from Fig. 2 that the multiple augmentations in the proposed approach can further improve the DOA estimation accuracy at low SNRs. Fig. 3 shows the behavior of RMSE as a function of the number of snapshots for the case of (a) SNR is −4 dB and (b) SNR is 10 dB. We can see from Fig. 3(a) that the proposed MS-SSIA method gives smaller RMSEs than those of the other methods in the case of a small number of snapshots, and as good performance as the MODE method for the case of a large number of snapshots. We also observed the similar behavior in Fig. 3(b) in the case of high SNR. The proposed MS-SSIA method can be regarded as a powerful tool that works in a severe environment like low SNRs and a small number of snapshots. This paper introduced the MS-SSIA method, which can be regarded as an extension of the SS-SSIA method, to correspond to the case of multiple snapshots. The performance of the proposed method was evaluated through computer simulation, and we confirmed that the proposed MS-SSIA method worked effectively in severe environments like when there was a low SNR and a small number of snapshots. The performance of RMSE for low SNR levels should further be improved as one of future studies.
